A stabilizing control technique for an inverted-double pendulum system consisting of two elastic links connected in series is developed, using a reduced-order model considering only the first vibration mode of the upper elastic beam, and applying an H ∞ controller design method for a mixed sensitivity problem that can consider multiplicative perturbations at the input port and is characterized by a settling function. It is found that although the coupling effect of different natural frequencies between the two flexible beams makes the stabilization problem more difficult, it is possible to stabilize the system by a feedback control using only the system's output signals that include the vibration signal of the upper elastic beam. Furthermore, it is concluded that the more different the lowest natural frequencies of the two elastic beams are, the more easily the system can be stabilized.
Introduction
The stabilization control problem of an inverted pendulum system is suitable for verifying the performance of a developed control law. However, most studies on the problem are related to the stabilization and positioning control for rigid-link systems including multiple-inverted pendulums (1) , while comparatively few studies deal with flexible structure systems with such unstable excitation factors as spillovers (2) . The stabilization problem of a flexible-and multiple-inverted pendulum system seems to be dealt with by only a few previous studies (3) , since the stabilization of a multiple-inverted pendulum with flexible links leads to an even more difficult control problem with increasing complex and unstable factors.
In the present paper, an inverted-double pendulum system consisting of two elastic links connected in series is especially investigated to solve the stabilization control problem of a system having a large number of unstable factors, and to discuss such control effects as system stability, settling characteristics, and vibration controllability for induced vibration modes by noting the robustness of the H ∞ control theory using a settling function (4) introduced by Nishimura et al. The H ∞ vibration control method for a flexible-structure system is featured by the inclusion of higher-mode vibration components in the modeling error. However, there have not been many experiments on an inverted-double elastic pendulum system where higher-mode vibrations of each beam exist and are dynamically coupled. We believe that this study will be significant at verifying the robust stability performance of the control system designed via the H ∞ control theory.
The stabilization control system is especially characterized by considering the higher-mode vibration components of the double elastic beams as the modeling error to control them using only strain vibration information on the upper elastic beam. By applying the mixed-sensitivity problem (4) , (5) with perturbations at the input port, we verify both by simulation and by real system experiment that satisfactory settling characteristics and spillover suppression effects are obtained for both the beams. Figure 1 shows the schematic illustration for an inverted-double pendulum system consisting of two elastic links connected in series. We describe the equations of motion, using the distributed-parameters modeling method presented by Nishimura et al. (2) The parameters used for the modeling are as follows:
Modeling
M 
Using these relations, taking into account the viscous friction factor µ k , and performing the mode-separation by linear approximations, we have the following equations of motion: (For the cart system)
(For the rigid mode in beam 1)
(For the rigid mode in beam 2)
(For the elastic modes in beam 1)
(For the elastic modes in beam 2)
with the relations
Taking the inner product between φ ki (r k ) and both sides in Eqs. (6) and (7), we obtain
Approximating the Eqs. (3) - (5), (9), and (10) with the nth mode equations and putting the state variable z as
we obtain the matrix differential equation of motion as
where 
Then, by letting the state variable x be
the state variable differential equation is finally represented aṡ
where
The output variables indicating cart position S , its velocitẏ S , deflection angle θ Pk , and strain ε k are expressed as
Signals for control
together with the strain relations
Control Law
In the present study, the elastic modes of beam 1 are not considered in the control system design. The mode considered is only the primary elastic mode of beam 2 for the reason explained in the section of experimental method. Denote the state variable for the controlled mode by x N , and the one for the residual modes by x R . The state equation (20) and the output equation (22) can be reduced in dimension by the following technique.
Using the transformation matrix T NR , we write
Then the transformed state equations are derived as
with
Since the steady-state value of the residual modes x R is estimated as
the following reduced-order equation is obtained:
Also, according to the treatments by Nonami and Nishimura et al. (4) , (5) , the mixed sensitivity problem with perturbations at the input port is described as follows. The design based on the H ∞ control scheme forms the control system that consists of the generalized plant and the controller as shown in Fig. 2 , where P(s) = {A, B,C,0} is the controlled object including the residual modes, P N (s) = {A N , B N ,C N ,0} the reduced-order controlled object, and
The section enclosed by broken lines is the generalized plant G zw (s) = {Â,B,Ĉ,D}, u is the control input and w 1 , w 2 , and w 3 are the external inputs. Note that the external input w 1 is prepared to avoid pole-zero cancellation between the controlled object and the controller (5) . The external inputs w 2 and w 3 are introduced to makê D 21 of row-full rank in the generalized plant G zw (s).ŷ Regarding beam 2, taking the multiplicative error ∆(s) between the transfer function ε 2 /u = P ε 2 u (s) including the residual modes and the one ε 2 /u = P Nε 2 u (s) for the reduced-order model as
the robust stability condition is given by
is the transfer function from a to b in Fig. 2 with u/ε 2 = K uε 2 (s) being the transfer function from ε 2 to u. Equation (34) is after all rewritten as
Next, we explain the solution of the H ∞ vibration control problem. In view of Fig. 2 , the transfer function from w 1 toẑ 2 is expressed as
This function M(s) is called the settling function (4) . It is known that reducing the magnitude in a lower frequency domain moves the closed-loop poles to the left further in the complex plane and allow us to design a fasterresponding regulator (6) , (7) . This means that the abovementioned weighting function W 2 (s) is to be designed so that it has a high gain property in a lower frequency domain.
That is, the following relation is established:
Therefore, as the condition that Eqs. (36) and (38) are simultaneously satisfied we have
The H ∞ controller K(s) satisfying the above condition is designed as follows. The generalized plant G zw (s) relating the input (w 1 ,w 2 ,w 3 ,u) to the output (ẑ 1 ,ẑ 2 ,ŷ) is represented in the state variable form as
together with the relationŝ
There is also the relation D n1 = σI ∈ 4×4 , where D n2 = σ is a minute disturbance, and the coefficient G for the cart velocityṠ is an adjusting factor used to improve the settling characteristics of the cart (The factor G is introduced because only the feedback signal S by itself cannot suppress the overshoot; here we put G = 1). Applying the analytical method by Glover and Doyle to the generalized plant equation (40), we have the following approximate solution:
Experimental Method
First, in the numerical analysis, the elastic modes on both beams are finite-dimensionally approximated with n = 3 in Eq. From Fig. 3 we see that the higher resonant frequencies on beam 1 are also reflected in the higher frequency ones on beam 2. Strictly speaking, however, the beam system has two uncertain portions with different vibration characteristics especially in the lower frequency range. Therefore, if the higher resonant modes (including all resonant modes of beam 1) of beam 2, whose resonant frequency of the primary mode is lower than that of beam 1, are taken as the multiplicative perturbation ∆(s) given by Eq. (33), a high robust stability property may be achieved even for the parameter perturbation of beam 1. For the design of feedback compensation for the primary mode on beam 2, therefore, the weighting function W 1 (s), which can be used to evaluate the robust stability performance, is selected so as to cover the multiplicative perturbation ∆(s) as shown in Fig. 4 .
Consequently, the following 4th-order weighting function
and the weighting function W 2 (s) to suppress the vibration characteristics 
together with the constants of k 21 = 50, k 22 = 30, k 23 = 30, and k 24 = 100. Figure 4 also illustrates the relation between the frequency responses of Eqs. (45) and (47) and the multiplicative perturbation characteristics ∆(s) (Eq. (33)) for beam 2. The velocity feedback coefficient for the cart is experimentally adjusted as G = 1, and the factor to makeD 21 of full row rank is introduced as σ = 0.000 1. With the above mentioned parameter conditions, the generalized plant equation (41) is formed, and its approximate H ∞ solution is obtained using a Matlab function (Command hinfopt) based on γ-iteration methods, with the result that the 20th-order controller solution is obtained for γ 0.003 9 as shown in Appendix. Figure 5 shows the configuration of the experimental apparatus used in the experiment. The strain gauge on beam 1 is only for monitoring the vibration waveform. The actual control program is written in C language with the sampling period of 0.23 ms. Figure 6 shows the simulation results on the control system with the designed H ∞ controller for an applied fixed-value disturbance of S = 0.3 [m]. For comparison, it is confirmed that for the same disturbance the response by the LQ controller with high-frequency cutoff characteristics incurs the spillover instability probably due to the lack of robustness. Figure 6 (I) shows the strain vibration ε 1 on beam 1, Fig. 6 (II) the strain vibration ε 2 on beam 2, Fig. 6 Simulation control vs the cart-stepwise input using the H ∞ controller Fig. 6 (III) the output angles θ P1 and θ P2 on both beams, and Fig. 6 (IV) the horizontal displacement of the cart S . From these figures, it is easily seen that all outputs have satisfactory response speeds. Accordingly, it is confirmed that the weighting function W 2 (s) is appropriate for the settling function M(s) formulated by Eq. (46). Figure 7 shows the results obtained by using a Matlab function (Command impulse). Although in Fig. 7 (I) and (II) excess vibrations occur on both beams, the vibrations of beam 1, which are not used for feedback, do not significantly affect the other responses (see Fig. 7 (II) and (III)). As shown in Fig. 3 , both the beams are dynamically coupled, and therefore the vibration mode of beam 1 significantly affects the motion of beam 2, causing parameter fluctuations but not generating excited (unstable) vibrations by spillover. Thus, the frequency weight, W 1 (s), which is given by Eq. (45) as a multiplicative perturbation so as to cover only the residual components of beam 2, can be valid for Eq. (35) of the transfer function N(s).
Results and Discussion
The results on the real system experiment are now explained. Figure 8 shows the responses for a fixed-value disturbance S = 0.3 [m] . The strain vibration component from the gauge is fed back through a strain-gauge amplifier (NEC San-Ei Model AS1201 with low-pass setting to 30 Hz). From Fig. 8 (III) , we see that the deflection an- 47) is expected to suppress this hunting to some extent, but may generate higher frequency vibrations (spillovers) due to high gain effects. In Fig. 8 (IV) the beam hunting may be somewhat large, while the carriage displacement almost reaches the reference value of 0.3 m. When the cart almost reaches the reference value at t = 2 [s], a braking effect appears on the carriage system and produces a reaction force, which may make both the strain vibrations of Fig. 8 (I) and (II) slightly larger. Figure 9 shows the real system responses for an impulsively applied disturbance on beam 2. Both the strain vibrations take some time to converge. This may be largely due to the influence of higher vibrations on beam 1 (see Fig. 9 (I) ). In other words, the vibrations of beam 1, by propagating to beam 2, may amplify the parameter perturbation effect. It is experimentally confirmed that the beam vibration system tends to stably converge only when beam 2 is in a low-frequency vibration state. Therefore, for the system to be an easier controllable one it may be necessary to make beam 2 a little more flexible, and to separate more the natural frequencies of mode compo-nents between the beams. This seems to confirm the eigenmode-separating characteristics of the component beams that are often seen in the control of rigid, multiple-inverted pendulum systems (8) , (9) .
Conclusion
An inverted-double pendulum system consisting of two elastic links connected in series has two different uncertainties (resonant characteristics). By noting only the vibration characteristics of beam 2 whose resonant frequency in the primary mode is lower, and by modeling the uncertainties (residual modes) as a multiplicative perturbation, it has been investigated from both numerical and experimental points of view whether the spillovers due to the residual modes on beam 1 can be suppressed.
( 1 ) Although the dynamical coupling of vibration modes of the two beams makes the stabilization control difficult, a satisfactory stability property can be obtained even when only the primary strain vibration of beam 2 is used for feedback.
( 2 ) The vibrations of both beams converge soon after the vibration mode of beam 2 changes into a lowfrequency vibration state, while they are difficult to suppress when beam 2 is in a high-frequency vibration state.
( 3 ) When beam 2, for which the vibration signal is detected, is made more flexible for eigen-mode separation between the beams, the stabilization control becomes easier.
Consequently, the main purpose in the present paper has been to experimentally verify the robust stability property of the H ∞ controller designed for a flexible inverteddouble pendulum system. The authors will experimentally verify the robust performance by improving the settling characteristics of the beam deflection angles and by analyzing the spillover suppression problem in detail.
Appendix
The approximate solution (Eq. (44) in the text) for the controller is at γ 0.003 9 given by 
